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A supersymmetric D = 1, A'^ = 1 model with a Grassmann-odd Lagrangian is proposed which, in contrast to the 
model with an even Lagrangian, contains not only a kinetic term but also an interaction term for the coordinates 
entering into one real scalar Grassmann-even (bosonic) superfield. 



1. Introduction 

There are two ways for the formulation of 
Hamiltonian dynamics in phase superspace: ei- 
ther by means of an even Poisson bracket with 
the help of a Grassmann-even Hamiltonian or in 
an odd Poisson bracket ^ with a Grassmann- 
odd Hamiltonian^. The dynamical systems with 
equal numbers of pairs of even and odd phase 
coordinates admit equivalent descriptions in the 
both brackets at once ||^,^ with the help of the 
corresponding equivalent Hamiltonians of oppo- 
site Grassmann parities. However, there are such 
Hamiltonian systems which permit for their de- 
scription only the bracket of a definite parity. For 
example, the Hamilton systems with odd equal 
numbers of the even and odd canonical variables 
can be described only by means of the odd Pois- 
son bracket (see, for example, Q). On the other 
hand, the systems having an even number of the 
even canonical variables which differs from a num- 
ber of the odd variables allow their Hamiltonian 
description only in terms of the even Poisson 
bracket. In this connection, by assuming that 
a Hamilton system has the corresponding to it 
Lagrangian formulation and taking into account 
that in this case the Grassmann parity of the La- 
grangian coincides with the parities of the bracket 

'^We shall only consider non-degenerate brackets. 



and Hamiltonian in terms of which this Hamilto- 
nian system is described, we see that there are 
also two ways for the formulation of Lagrangian 
dynamics in configuration superspace: either by 
means of an even Lagrangian or in terms of an 
odd one . As in the case of the Hamiltonian 

dynamics, there are such systems which can be 
described only with the help of the Grassmann- 
odd Lagrangian and have no description in terms 
of the even one and vice versa. 

In this report we just give such examples for 
D = 1,N — 1 supersymmetric models. By us- 
ing the formalism with the even Lagrangian, we 
can construct from a real bosonic scalar super- 
field only kinetic terms, but a term for interaction 
turns out to be a total time derivative. While, 
using the formalism with the odd Lagrangian, we 
are able to construct from this superfield a model 
which contains both the kinetic and interaction 
terms. 

The report is organized as follows. In Sec- 
tion 2 we show that in the case D ^ 1, N ^ 1 
supersymmetry the even Lagrangian, which re- 
duced from Lagrangian density constructed from 
one real scalar bosonic superfield, does not con- 
tain an interaction term. Then we propose a 
D ~ 1,N = 1 supersymmetric model having 
the odd Lagrangian, which also constructed on 
the basis of this superfield but has an interac- 
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tion term. Consideration in this Section is car- 
ried out in the Lagrangian component formula- 
tion. The Hamiltonian component formulation 
for this model is given in Section 3. In Sec- 
tion 4 we present a superfield approach for the 
model both in the Lagrangian and Hamiltonian 
formalisms. In Section 5 we show once again that 
even in a particular case of the supersymmetric 
one-dimensional oscillator the even Lagrangians, 
which are dynamically equivalent to the model 
proposed, can not be reduced from any superfield 
Lagrangian densities constructed from one real 
bosonic D = l.N = 1 superfield. 

2. Lagrangian component formulation 

With respect to D — 1, N — 1 supersymme- 
try for the proper time t and its real Grassmann 
superpartner rj 



t' 



lerj 



rj ^ rj + e 



the components of the real Grassmann-even 
(bosonic) {g{^) = 0)R scalar superfield 



are transformed as 

Sq{t) = q'{t) - q{t) = iOe , 

Se{t) = e'{t) - 9{t) = qe , 



(1) 



(2) 



where a dot means a time derivative and (5 is a 
variation of the form. 

With the help of a covariant derivative 



D ^dr,- irjdt , 



(3) 



where = we can construct from $ an 

ax ' 

invariant action Sq with a Grassmann-even La- 



grangian /, (.g(0 0) 



5o 



dtdt] 





dtl 



which contains only kinetic terms for the bosonic 
q and fermionic 6 coordinates 



V{q) , 



while their interaction term with an arbitrary real 
function V{^) of $ is a total time derivative. 

1 

By using a Grassmann-odd Lagrangian L 

1 

(giL) = 1) which in the case of I? = 1, iV = 1 su- 
persymmetry corresponds to an even Lagrangian 
density C {g{C) = 0), we are able to construct a 
supersymmetric action 



Si 





<j.2 


j dtdrj 





i / dtdrjC 



dtL , (4) 



including both a kinetic term for coordinates q, 9 
and a term describing their interaction with the 
help of an arbitrary real function V{^). The La- 
grangian density superfield has the form 

C = L + ivL = ^- V{q) + 170 - eV'{q)] , (5) 

where a prime denotes a derivative with respect to 
the coordinate q. Note that the even and odd La- 
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grangians L and L are connected with each other 
with the aid of the exterior differentiaj^ d that ac- 
companied by the following map \ : dq ^ 9 (see, 
for example, |^) 





A : dL 



1 

L 



and are transformed under supersymmetry (g) as 

1 10 

5L = iLe ; 5l = Le ■ 

In accordance with the scheme given in the 
Euler-Lagrange equation for the even Lagrangian 
. . . 

L coincides with that one for the odd Lagrangian 
1 

L, which corresponds to the variable 9, 
d f i\ 1 d / o\ 



= g + y'(g) = 



(6) 



while the Euler-Lagrange equation for L, corre- 
sponding to the variable q, can be obtained by 



g{^) is a Grassmann parity of the quantity 



^We adopt the Grassmann parity of the exterior differen- 
tial to be equal to unit g(dx) = g{x) + 1. 
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taking the exterior differential from two last equa- 
tions in and performing the map A 

d / o\ 

^ f d^dL j - dgdL - dq + dqV" = 



3. Hamiltonian component formulation 

1 . rn 

The Lagrangians L and L in (ra) have the same 

even momentum 

1 

P = dqL = dgL = q , 

1 

whereas an odd momentum tt for L is connected 
with it by means of the exterior differential d and 
the map A 

1 

X : dp ^ n = dqL = . 



Corresponding to the even Lagrangian L an even 
Hamiltonian 

2 

(8) 
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H = qp-L = Y + ^(9) 



is also related with an odd Hamiltonian H, re- 

1 

sponding to the odd Lagrangian L, 
1 .1 

H = q-n: + ep- L=pTT + eV'{q) (9) 

in a similar way 

1 
X:dH ^ H . 

In the case of Hamiltonian formulation, the 
scheme given in Refs. ^,|^ prescribe that the 
Hamilton equations 

q^p, P^^V'iq) (10) 

formulated for the even phase coordinates = 
{q, p) with the help of the even Hamiltonian (||) 
in the even Poisson bracket 



, H)q = (dqdp - dpdq^ H 



(11) 



coincide with those ones obtained for by using 
the odd Hamiltonian (H) in the odd bracket 



while the equations 

= TT , 7T = -9V" 



(13) 



which are Hamiltonian equations for the odd 
phase coordinates 0* = [9, n) described in the odd 
bracket (ff2|) 



0' = {0\H}i 

can be obtained from (|o|) with the use of the 
exterior differential and the map A 

dx' A 6' . 

In relations and (|2|) d and d are right and 
left derivatives, respectively. 

Note that the even bracket ( p] ) for arbitrary 
functions A, B of canonical variables rewritten in 
terms of the proper time 

t[H{q,p),q] ' '^'^ 



2[H{q,p)-V{q') 



q>=q 



+to[H{q,p)] 

(an arbitrary function to corresponds to the 
choice of the proper time origin) and its canoni- 

cally conjugate H (H) takes the form 



H 



d a dt 
H 



B 



(14) 



and given in the canonical variables t, H, H and 
O, where 



Hdat{H,q) 

H 



(15) 



the odd bracket (|T^) for any functions A, B is 



{A,B}i = A{dtd 1 ~ didt 

H H 



ded 

H 



— do de)B 

H 



(16) 



By using the time derivative and Hamiltonian 
equations (|lQ), (13), we obtain from the trans- 
formations (0) of the configuration superspace 
variables q and 9 the supersymmetry transforma- 
tion rules for the phase superspace coordinates 



dndq + dedp — dpde)H 



(12) 



6q = iOt 



Sp 
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Sn 



which can be uniformly represented by means of 
the odd bracket (|l|) 



■,M 



with the help of an even supercharge 



(17) 
and 



where the last expression follows from 

The even supercharge ( |17| ) together with the 
odd Hamiltonian (^) satisfies in the odd bracket 
= 1 superalgebra relations 



{Q,Q}i 



2iH 



{Q,i?}i = o 



Note that an even covariant derivative has the 
form 
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H -iTrO = H - iHQ 



(18) 



and obeys in the odd bracket (|6|) the following 
permutation relations: 



{D,D}i = -2iH 



{b,H}i=0 , 



{D,Q}i 







4. Superfield approach 

The Euler-Lagrange equation 

d 







for the even Lagrangian density superfield 

$2 

c = — -vm, 



which follows from 
$ + y($) =0 . 



takes the form 



(19) 



(20) 



The components o f (|20| ) coincide with equations 
(^) and (0) . From (|l9|) we can define a superfield 
of the momentum density 

V = p + irjTT = d^C = $ = 4 + iT?^' 



and a superfield for the Hamiltonian density 

H = H + ivH = ^P-C='^+Vi^) . (21) 

It is remarkable enough that on functions A 
and B, depending on the real bosonic superfield 
$ and the momentum density superfield V, we 
are able to introduce an even Poisson bracket of 
the following form 



By means of this bracket with the help of the 
Hamiltonian density (pT|), we can determine the 
following superfield Hamiltonian equations 

which components give Hamiltonian equations 
([To|), dl^ ) for the phase variables z*^ = (<Z,p; tt). 

5. Conclusion 

In the simplest case of the one-dimensional su- 
persymmetric oscillator 



He 



pn + a 



14sc - ^ ) , (22) 



where a is a constant of the inverse length dimen- 
sion, the Hamilton equations for the canonical co- 
ordinates z*^ = ((7,p;0, tt) 



q^p 



V - 



-a q 



can be reproduced both with the odd Hamilto- 
nian ( p^ ) in the canonical odd bracket ( [l^ ) and 
in the following even Dirac brackets {...,... 
(fc = ±l) 



Ok 



z'^'idqdp - dpdq -ikidede 



k 



(23) 



with the aid of the corresponding even Hamilto- 
nians 



p^ + a?q^ 



Hk = 



— ikirO 



(24) 
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which coincide in the case with the expressions for 
1 

the even supercharge Q^^^ (17) and even covariant 
derivative Dose (p^) 



1 

H-i - Q, 



1 

Hi — Dose ■ 



osc ' 

The even Dirac brackets ( p3| ) and the even 
Hamiltonians foUow from the even La- 

grangians 

Lk^l [q^ - a^q^ + ifc(^"V'" + 2a^'^^)] , (25) 

where i^°'{t) [a — 1, 2) are two real fermionic co- 
ordinates. Indeed, the even Lagrangians ( |25| ) lead 
to the momenta 

P = d^lu = g , vr^ = = -y V" , (26) 

canonically conjugate to the coordinates q and V'" 



in the even brackets corresponding to Lk 
{<Z,pK-1, {r.4U = -5"^. (27) 

The remaining even-bracket relations between the 
canonical variables have zero right-hand sides. 
The last relations in ( |26| ) define the second-class 
constraints 

^l^^ + '-^r, {^^,<^f}o = -^fc<5"^ (28) 



which commute in the even brackets (|27| ) with the 
variables 

entering into the definitions for the even Dirac 
brackets (^ 



Ok 

-ik{z'^',<f'^}QkW^,Hk}ok 
— z^'\dqdp — dpdq 

+ik dx-dx-jHk 
and the even Hamiltonians (I 



p"^ + a?q^ 



Hk = 



(29) 



(30) 



There is no summation over k in the foregoing for- 
mulae. The even Hamiltonians ( ^0[ ) follow from 
the total even Hamiltonians corresponding to the 
Lagrangians (|2^) with the use of the second-class 
constraints ip"^ — Q. A correspondence between 
different expressions (2^), (^9|) for the even Dirac 
brackets and ( p^ ) , (|3C ) for the even Hamiltonians 



Hk can be established by putting either 
aXk = i*"" > Xk = 



aXfe 



x\ 



Note that even in the simplest case of the one- 
dimensional supersymmetric oscillator the even 
Lagrangians (|2^) do not follow from any La- 
grangian densities, given in terms of one real 
scalar bosonic D = l^N = \ superfield $ (|l|)^, 
as it takes place for the odd Lagrangian 

1 • 2 

-Lose = qO ~ a q9 , 

that leads to the odd Hamiltonian ( p^), which is 
dynamically equivalent (see equation (|23|)) to the 
even one (|2j) followed from the even Lagrangian 

(il)- 

Thus, we see that in the case of D = 1, iV = 
1 supersymmetry the description with the odd 
Lagrangian is more economical. 
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